The nature of duality symmetries is explored in closed bosonic string theory, particularly in the case of a four-dimensional target space admitting a one-parameter isometry. It appears that the S-duality of string theory behaves analogously to the Ehlers' symmetry of General Relativity. Furthermore, it is demonstrated that the O(1, 1) target space duality arising from the isometry interchanges the roles of these two symmetries. The inclusion of the tachyon field is shown to be consistent with T-duality but incompatible with S-duality. Finally, extrapolating to dimensions other than four, the effective action is found to be invariant under a larger group of symmetries than the usual O(1, 1).
Introduction
It is becoming increasingly apparent that string theory possesses a far richer structure than is evident from the conventional perturbative formulation, containing many more symmetries than the Standard Model and General Relativity which it will hopefully unite or replace. Two of these symmetries have become known as string dualities, explicitly S-duality and T-duality (target space duality). The former is an SL(2, R) symmetry acting on the equations of motion of the effective four dimensional action of heterotic string theory, which is related to the electric magnetic duality of four dimensional field theory and may lead to a realization of the strong weak duality conjecture of Montonen and Olive [1] , under which the weak coupling limit exchanges with the strong coupling limit. If exact, this symmetry would be of immense benefit: from a knowledge of low energy string theory the structure of strongly coupled string theory could be determined, a domain otherwise only accessible with as yet unknown non-perturbative techniques. Unfortunately, it is this non-perturbative behaviour that removes the possibility of proving exactness order by order in perturbation theory. However, there is some evidence that suggests that the duality is exact [2] . As we shall see, S-duality is also related in certain circumstances to the Ehlers' symmetry of General Relativity. T-duality, however, is an entirely new phenomenon, unique to string theory. It is most clearly demonstrated in the simple model of a string moving on a background consisting of a compact dimension of radius R: the theory is invariant under the duality transformation R →
2R
(in units such that α ′ = 1). This can be physically understood as an exchange of the string momentum and winding modes. In the case of a target space with d compactified dimensions, this extends to an O(d, d; Z) transformation between two differing sets of target space fields, which preserves the underlying conformal field theory. Unlike S-duality, T-duality has been shown to beexact [3] .
So we have: T-duality, which is a perturbatively exact symmetry, acting in the presence of compact target space dimensions; and S-duality, conjectured to be exact, acting in an effective four dimensional target space. It would be interesting to investigate the combined effects of S and T-duality. In [4] , S and T-duality were studied in bosonic string theory with two Abelian isometries, where it was shown that a string generalization of the Geroch group is obtained. We shall again look at bosonic string theory, but concentrate on a thorough analysis of the case with just one isometry and shall discover an interesting phenomenon not immediately apparent in the study with two isometries. At the level of this investigation, i.e. looking only at the effective action, it does not matter whether this isometry is compact or not, and it will be assumed that the basic symmetries will be O(1, 1; R) and SL(2, R) for T-duality and S-duality respectively.
The effective action of the target space, M, is
whereg is the target space metric,R(g) is the corresponding Ricci scalar, Φ is the dilaton, and H µνρ is the potential of the Kalb-Ramond antisymmetric tensor B µν ,
The tachyon field has been set to zero for this analysis, but we will study the effect of its inclusion in a later section. Because the target space considered here is not of the critical dimension (d = 26 for the bosonic theory), the total central charge must be made up to zero. Including in the action a cosmological constant type term, as in [5] , will be shown later to be incompatible with Sduality of the effective action. Instead, we will assume that the effective four dimensional theory is tensored with an appropriate conformal field theory of the required central charge, that can be ignored for the purposes of this analysis. Alternatively, (1) can be considered as a truncation of critical bosonic or super/heterotic string theory, compactified on a suitable manifold. This action actually represents the maximal sector that is common to all of the standard string theories: bosonic, superstring types I, IIA, IIB; and heterotic. The metricg will be taken positive definite, though the entire analysis goes through for any choice of signature. By the conformal rescaling g µν = e −Φ g µν , (1) can be rewritten in the Einstein frame
where all indices are now raised and lowered with g. For the existence of the isometry, there can be no boundaries in M normal to the isometry. It will be further assumed that M is compact, though this condition may be relaxed with a proper treatment of surface terms.
Note that the following non-standard normalization will be used for symmetrization and antisymmetrization of tensors:
This particular normalization enables the following definitions to take the form
Also, ǫ µνρσ and ǫ ijk , represent the totally antisymmetric tensors in four and three dimensions respectively.
S-Duality of the effective action
A simplified version of S-duality exists for bosonic string theory in an effective four-dimensional background; it is simplified as there are no Maxwell gauge fields, and hence the electric-magnetic duality is absent. The remaining symmetry acts upon the fields appearing in the action (1) . It is interesting to note that the effect of S-duality decouples from the metric field precisely when the metric is conformally rescaled to the Einstein frame. The importance of this point will be seen later. For now this observation simply leads us to work with the Einstein frame action (3) for ease of computations.
There appears to be some confusion in the literature with regards to the method for constructing the manifestly S-duality invariant action from (3). The 3-form, H µνρ , is usually dualized by writing
where ǫ µνρσ is the totally antisymmetric tensor and Ψ is the axion pseudo-scalar field. Substituting (8) into the action gives
However, the equations of motion derived from (9) do not agree with those from (3) . To obtain an action consistent with (3) we must turn to the language of forms. Let H 3 be the three form H µνρ , H 1 its Hodge dual, and B 2 the two-form B µν . Now H 3 = dB 2 so dH 3 = 0, and
which is essentially the assumption made in (8). Finally if d * H
This last relation can be written in tensor notation as
where H τ is the Hodge dual of H µνρ , given by
Equation (10) simplifies to
The procedure is now clear: we substitute (11) into (3) and add the constraint (12) multiplied by a Lagrange multiplier Ψ
The equation of motion for H µ is
After inserting (14), integrating by parts, and removing the surface term (13) becomes
where Ψ is now the axion pseudo-scalar field. There is an obvious sign difference in the axion term between (9) and (15) and the latter does indeed lead to the same equations of motion as the original action (3). The dilaton-axion term forms the Lagrangian of an O(2, 1) non-linear σ model which is invariant under three transformations:
and a non-trivial mixing
These are more clearly shown by introducing two new scalar fields
and writing (15) as
The transformations (16)-(18) can now be recognized as an SL(2, R) group of isometries realized by
Obviously (20) is invariant under (21) which forms the S-duality of bosonic string theory. For the heterotic string, S-duality is reduced to a symmetry of the equations of motion of the effective action, and furthermore, it is believed that the SL(2, R) symmetry will be broken down to an SL(2, Z) symmetry by instanton effects [2] .
S-duality in the presence of an isometry
Anticipating our study of T-duality, it would be useful to examine the behaviour of S-duality when M contains a one-parameter isometry generated by the Killing vector K = K µ ∂ µ = ∂ 0 . If the metric were Lorentzian rather than Riemannian, K could be either time-like or space-like, but not null for the following analysis. Thus
where L is the Lie derivative. The isometry defines a fibering π : M − C → Σ where Σ is the three dimensional base manifold and C is the fixed point set of the isometry. Locally, the metric on M can be written [6] 
where e −U γ ij is the d-dimensional metric on Σ, U is a scalar field, and ω i is a gauge potential defined up to
The natural projection operator from M down onto Σ is
(note that if g were Lorentzian, and K null, (26) would be ill-defined). A gauge invariant field on Σ can be defined as
The fields V ij and γ ij are tensors on Σ and their indices are raised and lowered with γ. Using (23) and (24) the curvature tensors on M can be expressed in terms of U, V ij , γ ij , and their derivatives. In particular, the Ricci scalar becomes
where R(γ) is the Ricci scalar of the metric γ ij on Σ, and D i is the covariant derivative induced by γ ij on Σ. All indices are raised and lowered with γ. The determinant of g µν is
By (22), the dilaton term in (15) can be simply expressed as
However, the axion needs more careful treatment. From (22)
from which it follows, using (11) , that ∂ 0 H µ = 0. This implies by (14) that
but not ∂ 0 Ψ = 0. ∇ µ Ψ can be projected down from M onto Σ using the projection operator (26)
∇ µ Ψ can now be written as
Thus
We can substitute (28), (29), (30), and (35) into (15), integrate the D 2 U term by parts, and remove the surface term to obtain
The last term of (36) can be written
The first term on the rhs of (37) is a vanishing surface term and the second term vanishes by (32). With all dependence on x 0 explicitly removed, the action (36) can be rewritten as an effective three-dimensional action on Σ,
where all indices are now raised and lowered with γ. The Hodge dual of V ij is V i given by
where V i obeys the conservation equation
As before, a new action is defined by adding the constraint (40), multiplied by a Lagrange multiplier V, to (38)
The equation of motion for V i is
Substituting (42) into (41), integrating by parts, and removing the surface term gives the final form of the action,
This action describes a three dimensional spacetime with metric γ ij , scalars U and Φ, and pseudoscalars V and Ψ. There now appears to be two O(2, 1) non-linear σ-models, each with its own SL(2, R) isometry: the original S-duality and a new isometry which is actually the SL(2, R) Ehlers' group of symmetries from dimensionally reduced General Relativity [6] . So there is a new duality of the four dimensional string effective action with one killing symmetry, and we have termed this E-duality. Obviously the symmetries of this action are larger than the combined Sduality and O(1, 1) target space duality: two independent SL(2, R) symmetries given by (16)- (18) and the same transformations with U, V replacing Φ, Ψ respectively; and (43) is also invariant under
This final transformation is highly suggestive of discrete target space duality. The total symmetry here is
though of course this O(2, 2) symmetry is totally distinct to the T-duality O(2, 2) symmetry when there are two isometries. The task is now to find an explicit realization in terms of field redefinitions of the O(1, 1) target space duality under which (43) should be invariant, and to see how this mixes with the duality symmetries found above.
T-duality of the effective action
Unlike the case of S-duality, the dimension of the target space is not critical to T-duality; the only requirement is the presence of an isometry. For this reason the following analysis will be performed in arbitrary dimension, specializing to four dimensions later. We return to the original string frame action (1), now generalized to D-dimensions. Once again, we assume the existence of a one-parameter isometry generated by the Killing vector K, and now Σ is the d = D − 1 dimensional base manifold. The procedure in (22)-(28) follows and the string frame Ricci scalar is
and the determinant ofg µν is
The dilaton term is given again by (30), but the reduction of the Kalb-Ramond field is more involved. Using the projection operator (26), B µν is decomposed into
and can be written in the form
An analogue of V ij can be constructed for b i ,
Now H µνρ is decomposed into
and the H field term in (1) is written
where
Inserting (29), (28), (30), and (53) in (1), the action becomes independent of x 0 and reduces to
Following [7] , (55) A dilaton transformation is required in both these transformations to ensure conformal invariance is preserved in the dual theory (at one loop). This is φ → φ + lng 00 .
(58)
The explicit form of the symmetry can be rewritten in terms of redefinitions of the fields appearing in the action (55). The scaling can be realized in the following field redefinitions:
under which the target space fields becomẽ
The inversion part of the symmetry is similarly realised as
It can be shown that (55) is indeed invariant under field redefinitions (59) and (61). Furthermore, the d-dimensional metric e −Uγ ij , and the d-dimensional 3-form θ ijk are both invariant under these redefinitions.
We can see from the field redefinitions in (61) that the discrete duality symmetry involves exchanging the V ij and W ij in (55). It would be interesting to see whether (55) could be put in a more appropriate form to examine this field exchange. First the D 2 U term is removed by integrating by parts then removing the total divergence, giving
This action can be transformed to the Einstein frame with respect toR(γ) by introducing a new metric γ ij where
and thus (63) becomes (for d = 2)
The U and Φ terms can be decoupled by defining new variablesŨ andΦ given by
Inserting (66) and (67) into (65) gives the most symmetric form of the action,
The O(1, 1) duality transformations (59), (61) can be rewritten in terms of the new variables defined in (64), (66), and (67). The scaling part becomes
and the inversion,Ũ
The discrete inversion of the O(1,1) transformation is now explicitly shown in terms of a simple field exchange symmetry.
Returning to the case of d = 3 (D = 4), the action (68), after rescalingΦ andŨ by a factor of four, becomes
The 3-form θ ijk in three dimensions must be some scalar, θ, multiplied by the volume form,
Thus, an equivalent action to (72) would be that action with the θ ijk θ ijk term replaced by
where the equation of motion for the Lagrange multiplier, Λ, gives back the definition of θ ijk as a constraint (54). θ can be consistently integrated out of (74) via its equation of motion,
to give the first order form for L θ ,
The equation of motion for b ij ,
reveals that Λ is in fact a constant, not a scalar [8] , and the equation of motion for Λ,
enables us to write
However, using (52) in (78) gives
and recalling the relations (11), (14), and (34) we obtain
As before, integrating this by parts (37) and using (32) shows that L θ vanishes. In other words, the cosmological term that should arise when there is a quadratic n-form term in n dimensions [8] actually vanishes in this particular case. The 2-forms V ij and W ij may be dualized using the procedure set out in (39)-(43) into the pseudo-scalars V and Ψ respectively and the final form of the action becomes
which is identical to (43). The explicit action of O(1, 1) duality upon (43) is now known and is given by the following field redefinitionsŨ
The scaling of U and V is already part of the E-duality transformations, and the scaling of Φ and Ψ is already part of the S-duality transformations. It appears that O(1, 1) duality simply interchanges the two SL(2, R) symmetries. Thus, there is a very extensive symmetry of the four dimensional bosonic effective action with one isometry, which can be represented by
This term enters the action in the same way as the tachyon potential, and in the precisely the same manner explicitly breaks S and E-duality. It is consistent with O(1, 1) T-duality.
Duality in d > 4
Returning to the original d-dimensional action (55), there is another one-parameter isometry that does not belong to the expected O(1, 1) group of T-duality transformations:
Note that neither e −Uγ ij nor θ ijk are invariant under (92). When examined, this new symmetry combines with the standard scaling symmetry of O(1, 1) duality given in (59) to give a much more general set of scalings,Ũ
of which (70) is the special case of a = −b. Thus, the symmetry group of the bosonic effective action with one Killing vector is larger than the target space duality O(1, 1) symmetry. At first sight the extra symmetry seems to be a remnant of the two independent SL(2, R) symmetries that exist in four dimensions. If the basic T-duality scaling is removed from (94) then the remaining scaling can be written as a transformation on the original fields of (1) g µν → e The overall effect of (95) is to rescale the string coupling constant, e Φ . At the level of the worldsheet, this amounts to adding a topological term to the worldsheet action. Note that this extra symmetry is respected by neither the tachyon potential (88) nor the cosmological constant term of the previous section.
Conclusion
The combined effects of S and T-duality have been investigated in the context of four dimensional closed bosonic string theory with one compact dimension, where they have been found to form an extended O(2, 2) duality group, incorporating the Ehlers' symmetry of General Relativity. We have found the most symmetric form of the effective action which clearly demonstrates its manifest invariance under S and T-duality, and under the 'new' E-duality.
The interchange between S and E-duality is particularly interesting as it shows that with a one dimensional compactification, the effective non-gravitational fields are in a one-to-one correspondence with the Kaluza-Klein fields derived from the dimensionally reduced metric. The dilaton appears on much the same footing as the modulus field U, despite its very different appearance in the bosonic worldsheet action. It would be interesting to see how this picture develops in the supersymmetric theories and exactly what structures are interchanged there under T-duality.
The inclusion of the tachyon field does not affect T-duality of the effective action, which is to be expected as T-duality is an exact symmetry of bosonic string theory [3] . However, the tachyon potential explicitly breaks S-duality. It would appear that although S-duality is a symmetry of the massless sector of bosonic string theory, it cannot be an exact symmetry. It remains to be seen whether S-duality will survive as an exact symmetry of the supersymmetric string theories.
A further symmetry has been discovered which demonstrates the invariance of the bosonic effective action under a rescaling of the string coupling constant.
